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The relative importance of purely  diffusive flow to a spher ica l  object is often of interest  in connec- 
tion with several  problems in the physics  and physical chemis t ry  of the a tmosphere  [1, 2]. Molecular 
t r anspor t  in very viscous liquids and the t ranspor t  of small  aerosol  par t ic les  (r 1 < 10 -4 cm) in gases  by 
means of Browian motion are descr ibed by the same equations (when linkage of part icle is neglected). We 
note that the deposition of aerosol  par t ic les  on a spherical  object of radius r2, due to linkage, is of the 
o rde r  (rl/r2) 2, so this effect maybe  neglected if the purely diffusive flow is at least an o rder  of magnitude 
g rea te r  than (rl/r2)2o 

The s imi lar i ty  c r i t e r i a  for this problem are the Reynolds number R of the flow and the Peclet  num- 
ber  k:  

R = r2uco/v, ~,=r2uoz/D 

Here u~o is the velocity of the unperturbed flow, v i s  the kinematic viscosi ty of the medium, and D is the 
diffusion coefficient of the substance.  For  the case R << 1, in which the Stokes approximation may be used 
for  the hydrodynamic velocity field uoo in s teady-s ta te  flow around a sphere,  and k >> 1 (in the approxima-  
tion of a diffusion boundary layer),  the following equation was obtained in [1] for the dimensionless integral  
flow: 

I ~ 7.84S~, -% 

Below we will refine this equation for the case of moderate R (R -< 20). At such R, the flow is of a 
more or  less smooth nature: an eddy begins to form behind the sphere at R ~ 8; R ~ 20, it still makes up 
a small par t  of the flow. We note that for a drop of water falling freely in air ,  we have R ~ 20 at r 2 ~ 0.02 
cm. 

In the spherical  coordinate sys tem {~, 0, ~0} (~ is the distance from the sphe re ,  0 _< 0 -< 7r, 0 _ ~ _< 2r), 
the basic  equations for  the steady-state problem are 
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We note tha t  Eqs .  (4) a r e  not  l i m i t e d :  t hey  a l w a y s  hold for  v i s c o u s  f low a r o u n d  a s u f f i c i e n t l y  s m o o t h  bounded  
s u r f a c e .  Us ing  t h e s e  e q u a t i o n s  and c o n v e r t i n g  Eqs .  (1) to t hose  of a d i f fus ion  b o u n d a r y  l a y e r  by  the f a m i l i a r  
me thod ,  we f ind  

8no Ono 8"n<~ 
< ' ~ ' - ~ (  + "-'~ n o  - o~ + o  (~ % (5) 

I = 2stY. -V" I l'o (0) sin 0 dO + 0 (~-1) 
o 

Ono ~ = o  ' i3 = ~ ~ = ~X '/~ 

n3.-->i, ~->o% 0 < ~  
no~O, ~ 0 ;  n--,'-O, 0 ~ < ~ < ~ ,  O~s~ 

The so lu t ion  of Eq.  (5) i s  

C (1/3, ~/1~) 
no = i - -  r (1/~) 
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F o r  R f 8, we h a v e u  2>  0 fo r  0 _<0 -_< ~ ; f o r  th is  c a s e ,  we thus have 

3 ~ 7,, i-l- % '/2 "I 
- ( i/L  j + o ( . , /  r(-y-~ 1~3) sin eu~ de 

II 

(7) 

F o r  R ~ 8, u 2 b e c o m e s  nega t ive  in a c e r t a i n  0 r a n g e :  u 2 < 0, s 0 < 0 ~ 7r. We wil l  show be low tha t  the 
c o n t r i b u t i o n  to I f r o m  the i n t e r n a l  00 < 0 ~ 7r i s  n e g l i g i b l y  s m a l l ,  so we can  r e p l a c e  the u p p e r  l i m i t  in Eq.  (7) 
b y  00 in c a l c u l a t i n g  the i n t e g r a l  f low.  It shou ld  a l s o  be noted  tha t  a s  0--+ 7r, Eq.  (6) b e c o m e s  i n a p p l i c a b l e .  
The i m p o r t a n t  change  in n o c c u r s  a t  d i s t a n c e s  of the o r d e r  of ~k-1/3 f r o m  the s p h e r e ,  whi le  # i n c r e a s e s  
wi thout  bound  as  0 --+~. Since the f i r s t  t e r m s  in the e x p a n s i o n  of u~ and u0 in p o w e r s  of ~ w e r e  u s e d  in 
d e r i v i n g  Eq.  (6), i t  canno t  c o r r e e t e l y  r e f l e c t  the b e h a v i o r  of n a t  the b o t t o m  of the flOWo In add i t ion ,  the 
i n e q u a l i t y  

Ono/O8 Jr= O, @ -'~ ~ (8)  

which  c o n t r a d i c t s  the a x i a l - s y m m e t r y  c o n d i t i o n s ,  fo l lows  f r o m  (6). 

I nequa l i t y  (8) y i e l d s  an i m p o r t a n t  r e s u l t .  Al though the b e h a v i o r  of n a t  the "bo t tom"  of the f low i s  not  
d e s c r i b e d  c o r r e c t l y  by  Eq.  (6), t h e r e  i s  no r e a s o n  to doubt  the c o r r e c t n e s s  of a s y m p t o t i c  r e l a t i o n  (7) for  the 

329 



f F~ 

F ig .  3 F ig .  4 

i n t e g r a l  flow. Moreove r ,  us ing  a p r o c e d u r e  ana logous  to that  in [3] in an e x a m i n a t i o n  of diffusion f r o m  a 

v i s c o u s  flow toward  a c i r c u l a r  c y l i n d e r  (and toward  a s y s t e m  of c y l i n d e r s ) ,  we can  in p r i nc i p l e  c o n s t r u c t  

for  I the a sympto t i c  expans ion  

! ~, ~ I('~)~ -('+~)/3 (9) 

= 0nn'/ 
l (m)=2~I/m(O)sinOdO' /'~=-J~-~ ~=o (10) �9 

0 

On m On m cq~ m 8 n  m _  ~ 
u a ~ 2 ~ + u : ~ - ~ - ~ - -  0 ~ - =  F(O, ~)+ctg0 - - ~  (m>~2) 

In expans ion  (9), N is  f in i te  (we note however , tha t  i t  is  c l e a r l y  no s m a l l e r  than uni ty) .  Because  of (8), 
the re  m u s t  ex i s t  some m 0 > 1 such  that ,  when m > m 0, the quant i ty  Jm s in  0 will  have a non in t eg rab l e  s i n -  

g u l a r i t y  as  0 ~ 7r. 

F o r  s m a l l  R, we can  use  the Oseen  a p p r o x i m a t i o n  for  u, which g ives  the t e r m  fol lowing the Stokes 

t e r m  in the a sympto t i c  expans ion  in R. We f ind 

u~ ~ 3/2 (1 + 2/3R) sin 0 + 3/,tR sin 0 cos 0 

3 t --  214R cos 0 20 -- sin 20 + 213R sin 3 0 
It = -2 t + 3/sR sin 3 0 

I z 7.848 (i + 1/3~ ) ~-'/8 (11) 

Accord ing  to [4], the t e r m  fol lowing the Oseen  t e r m  is  of the o r d e r  of R 2 In R, so we have 

u~ = 3/2 (t + 3/~R + 9/~c~ In R) sin 0 + % R sin 0 cos 0 + O (R 2) 

3 i -- ~/4R cos 0 20 -- sin 20 + 2/3 R sin a 0 
~'~ ~'~ ~ -~ 3/8R +9hoRln R sin 8 0 

I z 7.848 (l + %R + ~/4oR ~ In R + 0 (R~)) ~-=/" (12) 

F o r  mode ra t e  Reynolds  n u m b e r s ,  we can use  the n u m e r i c a l  c a l c u l a t i o n s  of J e n s o n  [5]. It i s  not 

d i f f icu l t  to show that  u 2 = 090, where  w 0 is  the vo r t i c i t y  of ve loc i ty  f ie ld  u a t  the su r face  of the s p h e r e .  
Values  of w 0 were  g iven  in [5] for  R = 2~ 5, and 10 a t  s teps  of 12 ~ and for  R = 20 a t  s t eps  of 6 ~ F i g u r e  
1 shows dependences  of the quan t i ty  1 /2  s in  0 w 0 on 0 c o n s t r u c t e d  f r o m  these  data; c u r v e s  1-5 c o r r e s p o n d  
to R = 0, 2.5, 5, 10, and 20, r e s p e c t i v e l y .  The 0 dependence  of J0 is  shown in F ig .  2; p lots  a - d  c o r r e s p o n d  
to R = 2.5, 5, 10, and 20, r e s p e c t i v e l y .  We note tha t  in the ca l cu l a t i on  of J0 for  ang les  n e a r  ~, a ve ry  l a rge  
diffusive t r a n s p o r t  of the subs t ance  was a s s u m e d  a c r o s s  the b o u n d a r y  of the s t e a d y - s t a t e  eddy r eg ion .  This  
a s s u m p t i o n  s i gn i f i c an t l y  i n c r e a s e s  J0 for these  ang les ,  for  the diffusive t r a n s p o r t  i s  ac tua l ly  s m a l l ,  while 
t he re  i s  no convec t ive  t r a n s p o r t  in to  the eddy reg ion ,  s ince  a t  these  R the re  is a s t e a d y - s t a t e  flow a r o u n d  
an ob jec t  of c o m p l i c a t e d  shape - the sphe re  and  the connec ted  eddy r ing ,  without a flow of l iquid  into the 
lead ing  p a r t  of the eddy r i ng  or  into the "bot tom" r e g i on .  Convect ive  t r a n s p o r t  into the wake reg ion  wil l  
o c c u r  at  l a r g e r  R, when the flow b e c o m e s  m a r k e d l y  n o n s t e a d y - s t a t e .  However ,  despi te  tMs f i c t i t ious  i n -  
c r e a s e  in J0, F ig .  2 shows that  i t s  value a t  the "bot tom" of the sphe re  is  neg l ig ib ly  s m a l l  in  c o m p a r i s o n  

with tha t  a t  the l e a d i n g p a r t  of the s p h e r e .  

N u m e r i c a l  i n t e g r a t i o n  of J0 ove r  the sphe re  y ie lds  the i n t e g r a l  flow for R = 2.5, 5, 10, and  20. The 

r e s u l t s  a r e  a p p r o x i m a t e d  well  by  the ana ly t i c  e x p r e s s i o n  

I ~ 7.848 (t -4- 0.t27 R'/~)~ -2/3 + O(~-1) (13) 
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f r o m  which it fol lows that  the r e l a t ive  i n c r e a s e  in I as  R changes  f r o m  0 to 20 is ~ 30%. It should be noted 
that  this  change in I is smal l  fo r  such a l a rge  change in R. 

Defo rmat ion  of the s p h e r i c a l  su r f ace  has an in t e re s t ing  e f fec t  on the diffusive flow. We c o n s i d e r  
deposi t ion  on an e l l ipso id  of revo lu t ion  a t  R - - 0  (the Stokes approx ima t ion) .  F o r  the I ca lcu la t ions  for  b 
(the r a t io  of the longitudinal  ax is  to the t r a n s v e r s e  axis)  not  too sma l l ,  it is conven ien t  to use the c o o r d i -  
nate s y s t e m  

= ~(o) _ ~ cos o c o s  ~ ,  ~ = ~o) + ~ s~ o co~ 

z = x~~ + ~ sin 0 sin q), 0 ~ <co, 0 ~ 0 ~ ,  0 ~(p ~2~  
b ~ x~ ~ x (o) . a tg  0 

x i ~  V ~  ' cos + (p - sin (p V'b 2 + tg-/~O 
b~ tg 0 

L~=i ,  Lo=cos~O(b2+tg20)~/~+~, L~--  ]/-~+tg~O +~s in0  

Here  L}, L 0, Lr a re  the Lain6 coe f f i c i en t s .  In this coord ina te  s y s t e m ,  as  in the case  of the sphe re ,  we 
can find an equat ion for  the diffusion bounda ry  l a y e r .  The solut ion of this equat ion for  b not too sma l l  is 
again of the f o r m  (6), but with a d i f fe ren t  # value.  In this c a s e ,  we have 

9 = 3 b ~  {arc }g { tg0 ~ . tgO ] 

(I ,'+c03=--ff-(t--b~ ) l +  b V-{--~ arcctg 

1 

/~ - -  r (1 + V3) ~- '/~ 

[i (L~176 ] % I = 2n~, -% dO t,~/~ - + 0 (~,-~) = 7.848 (i + a) )j~/3 + 0 (l, -~) (14) 
0 

Figure  3 shows the dependence of a on b. We note that  as  b i n c r e a s e s  there  is a cons ide rab le  d e f o r -  
mat ion of the th ickness  of the depos i t ion  at the leading p a r t  of the s p h e r e :  the th ickness  i n c r e a s e s  in the 
l a te ra l  r eg ions  and d e c r e a s e s  at  the c e n t e r  (Fig.  4 shows the dependence of J0 on 0, i l lus t ra t ing  this  effect ;  
the th i ckness  is given fo r  a diffusive depos i t  on an e l l ipso id  of revo lu t ion  for  b = 0.4). 
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